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Appendix 3: Beats Math 
 
 One of the easiest methods to calibrate a stable oscillator against a frequency standard is to 
observe the beats when the two signals, with very similar frequencies, are mixed (i.e., added together) 
and detected. This appendix shows the math behind the beats and more importantly, derives the beat 
frequency and period. It is important to distinguish between the period of the beat and the period of the 
summed signals.  
 
 Adding together two sinusoidal waves with nearly matched frequencies will periodically produce 
two overlapping crests (and troughs) and the summed signal achieves a maximum (i.e., crest), and at 
other times, the crest and trough overlap and producing a minimum (i.e., zero). This collapse and 
reconstitution of superposed signals of nearly equal frequency produces beats (Figure A3.1). The beat is 
defined by the envelope (i.e., amplitude) of the summed sinusoidal signals as labelled by |Cos| in Figure 
A3.1a. For the circuits and apparatus developed in the main body of this book, the beats might not be so 
obvious because of the long time scale involved (many seconds between maxima).  Figure A3.1a shows 
an example of the beats produced by superposing a signal of 50Hz with a signal of 52Hz but of equal 
amplitude. 
 

 
 As indicated, the beats are formed by adding together two sinusoidal signals (i.e., sinewaves) 
such as from a fixed-frequency calibrated source (subscript F) and a tunable source (subscript T) – the 
type of source is identified by F and T to match the notation used in the main chapters.  
 

𝑣𝐹 + 𝑣𝑇 = 𝐴 𝑆𝑖𝑛(𝜔𝐹𝑡) + 𝐴 𝑆𝑖𝑛(𝜔𝑇𝑡)    (A3.1) 
 
where as usual, the angular frequency 𝜔 (radians/sec) relates to the Frequency F (Hz) by  𝜔 = 2𝜋𝐹 and 
so, for the ‘fixed’ calibrated frequency 𝜔𝐹 = 2𝜋𝐹𝐹 and the ‘tunable’ uncalibrated frequency 𝜔𝑇 =
2𝜋𝐹𝑇. 
 

Figure A3.1: (a) Beats produced by superposing a signal of 50Hz with a signal of 52Hz but of equal amplitude. Figure 
produced from SMath. (b) Blue curve is a magnified view of curve a near 0.25 seconds. Red curve shows the sinusoidal 
signal for the average frequency of 51Hz. Notice the phase offset for times larger than 0.25 seconds – the blue peaks line 
up with the red troughs. (c) Blue curve is the further magnified view near 0.25 seconds showing the phase reversal there.  
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